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AbICract-The problem of determinina the optimal cross-sectional area function of a funicular. transverse
vibratina arches under external load and geometricaJ constraints is investipted by the use of Pontryqin
maximum principle.

The unimodal formulation for optimal design of arches is discussed but in order to arrive at the correct
optimal solution the bimodal formulation is introduced.

As an illustration the opli~ deaip of a circUlar arch is provided in detail. The optimization with respect
to the bucklina load is also includCd.

I. INTRODUCTION

The attempts of determining tbe optimal shape of an elastic arch with respect to buckling
received as yet are not satisfactory enough because:

(a) tbe solution obtained in paper(1] coincides with the first iteration of our results in the
case of unimodal formulation only. That is why obtained sbape of arch is not optimal;

(b) the buckling equations in paper [2] which might be received from the appropriate
Rayleigh quotient for inextensional antisymmetrical buckling are too simplified (the fourth
order of differential'equations);

(c) tbe formulation itself of the optimal design of the arches with respect to buckling is not
sufticient[I-4] because the papers mentioned concern only unimodal, i.e. the usual mathemati
cal formulation for optimal design of arcbes against buckling, whereas bimodal formulation is in
most cases necessary in order to arrive at the correct optimal solution (see below).

Tbe bimodal optimization was introduced by Olboff and Rasmussen[5], who considered the
problem of maximizing the buckling load of a doubly clamped elastic column and indicated that
unimodal (single) formUlation is inadequate for tbe geometrically unconstrained optimization
problem.

The optimal shape of column associated with the first (fundamental) critical load was not
optimal with respect to the second critical load. Hence they formulated bimodal optimization
problem whicb allowed them to find the optimal sbape associated with both first and second
from of buckling (for the same critical load). Clearly enough, we have tbere a degeneration of
an eigenvalue, i.e. the critical force associated with two different deflection lines of the column.

A somewhat similar problem of optimal design of vibrating bar for one prescribed,
fundamental frequency or simultaneously for two fixed, different frequencies was treated by
Thermann[6].

This paper concerns the uni- and bimodal optimization of elastic, vibrating arches, as well as
their optimization with regard to their stability.

2. ASSUMPTIONS, STATE EQUATIONS AND BOUNDARY CONDITIONS

In this work our attention is restricted (the same way as in Ref. [4]), to a linear elastic
material, an inextensibility of arch centerline. The funicular state is also postulated.

Our state equations are based upon the six differential equations of motion, of the first
order, and then solved numerically. Optimal solution will be obtained by the application of the
Pontryagin's maximum principle, using an iterative procedure suggested by Grinev and
Filipov[7].

We begin by considering tbe state equations (the equations of small vibrations of an arch),

tThis paper was supported by Grant 05.12.

SS Vol 17, No. 7-8
6S3



1. Bl:ACHUT and A. GAJEWSKI

which we rewrite in the following set [4]:

v' =- ko"'

w' = c(;

c(;' = MIEl - k0
2w+ kov

M'= - K+ Noc(;
A A 2 "" A

K' = koZ+ koM +(No- P22)rp -(- Noko+PII- Pnko)v
2 •

-(Noko + P12+ q22kO)W + pAw

Z' =-koM - (qn- qnko)v - (qJ2 - qh)w +pA6, (I)

where: primes and dots denote differentiation with respect to s and I respectively; ko=
-l/R(s)-the curvature of an arch in the undeformed state; E-Young's modulus; I(s)-the
second moment of area of the cross-section; A(s)-the cross-sectional area; p(s)-the mass
density; q/j> p/j-components which characterize the acting load during the motion of the
structure[4]; No-the compressive axial force; v(s, I), w(s, I)-the small displacements in the
tangential and normal directions to the arch at the point s, caused by additional compressive
force S.
The eqns (1) are obtained under the following notations:

~=-~+kov

S= Z+koM -qJ2W

Q= K-Nokov,

(2)

where ~-is an angle between tangent of the arch at the point s and the axis ~: S, Q-represent
additional axial force and shear force respectively.

Introducing the following substitutions:

v= v exp (iwl)

w=wexp (iwt)

S=S exp (iwl)

we separate time and spatial variable, so that:

v' =- kow

q; =rp exp (iwl)

K=K exp (iwt)

Z=Z exp (iwt) (3)

w'= rp

rp' = MIEl - ko2w+kov

M'=-K+NofP

K' = koZ +ko2M +(No- P22)rp -(- Noko+ PII- P22ko)v

- (Noko2+PI2 +Q22kO)W - pw2Aw

Z' =- koM -(qll-qnko)v -(qJ2- qh)w-pw2Av. (4)

To the state eqns (4) we add the appropriate boundary conditions according to the supporting
mode. For instance: for a c1amped-clamped arch we have:

v(O) =0
v(1) = 0

w(O)=o
w(l) =0

rp(O) =0
rp(l) = 0

(5)
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whereas for a hinged-hinged arch:

6.5S

v(O) = 0
v(1) = 0

w(O) =0
w(1) = 0

M(O)=O
M(1) = 0

(6)

3. FORMULATION OF THE UNIMODAL OPTIMIZATION PROBLEM
3.1 Opt;mmity criterion

The unimodal optimization problem will be now stated as follows. We are looking for such a
function A(s) which minimize the total volume of an arch, i.e. we wish the following functional to
be:

v= l' A(s)ds-.min

under the constraints:
(a) for the cross-section area

(b) for the extemalload

P =const

(c) for the prescribed fundamental frequency of the transverse vibrations

til =const.

(7)

(8)

(9)

(10)

To investigate the problem (7)-(10) we apply formalism of the Pontryagin's maximum principle.
The Hamiltonian connected with the state eqns (4) has the form:

(11)

From (11) we obtain the following set of adjoint equations:

t/I~= - oB/av =- t/I"ki,+ t/lK(- Noki,+PII- Puko) + t/lz(qll-quko)+f/lzptIlzA

"'~ =- aB/ow = t/luko+ t/I.,I<oz + t/lK(Nokoz+PIZ + quko) + t/lKfXdzA + t/lZ(qlZ- qiz) (12)

"'~= -oB/orp =- t/I., - Not/l,., - t/lK(Ni,- pn)

t/I;"= - aB/aM =- t/I.JEI - t/lKkoz+t/lzki,

t/lic =-aBlaK =t/lM

"'!z= -aB/az =- t/lKko.

Assuming the notation:

the adjoint system (12) can be written in the form:

Z' =- ki,M +(Noki, - PI' +Puko)w - (qll - quko)v - fXdzAvO

K' =koZ + kozM -(Nokoz+PIZ+ quko)w +(qlz- qh)v - fXd zAw

M'= - K+No~+(Ni,-pu)w
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iP' = MIEI - kbv +kov

w' = iP

Vi = - kow. (4)

To these equations we add a set of appropriate boundary conditions obtained from trans
versality conditions at s =0 and s = 1. It turns out that in some cases of loading the adjoint
system might be reduced to the state equations. Then the boundary conditions of sets (4) and
(14) are identical.

It means that then the set of state eqns (4) is selfadjoint. The conditions of selfajointness of
system (4) are:

(Po - Q22)' - (PII - Q12) = 0

NO-p22=0. (15)

These conditions were derived in a different way by Farshad and Tadjbakhsh[4]. Relations (15)
are satisfied for a circular arch under uniform normal pressure (Po =const, No =const,
Pi/ =qjj =0, i =j =1,2), although such type of loading is, in fact, nonconservative, because the
pressure has always the feature of tangential force. Fulfilment of (15) is caused only by the
theory of funicular arches.

Generally speaking a necessary optimality condition leads to solution of the eqns (4) and
(14) with the corresponding boundary conditions under assumption that the control function
A(s) has to be determined from the upper-bound condition of the Hamiltonian with respect to
A.

If in the whole range [A .. A2] the Hamiltonian H(A) is a convex function of A(HAA <0),
then the optimal configuration, at a given point s, is a root A*of the equation:

aHlaA=o (16)

-or is equal to that bound of an interval [A .. A2] which is closer to A*.
On the other hand, if the Hamiltonian is a concave function of A(HAA > 0), for all

A E [A .. A2], then it reaches its maximum value for AI or A2.

3.2 Example-optimal design of a circular arch
Let us consider an elastic, plane, circular c1ampled-c1amped arch (ko = - l/R = const), of

length 1, subjected to a hydrostatic pressure Po (Fig. I). We assume the cross-sections where
area A(s) and the moment of inertia 1 are correlated by 1 =cA~, with the constant JI =1,2,3 in
most frequent cases, i.e. for ,,= 1,2,3 we get sandwich structures, geometrically similar
cross-sections and rectangular beams of given width respectively.

In what follows we introduce the dimensionless quantities:

x = sll; v* =vII; w* = w/l;M* = MIIElo; K* =K1 21Elo

lp* = lp; Z* = Z1 21Elo; fJ = POR3IElo; n= (XlJ2AoR41Elo (17)

where 10 is the second moment of area of the cross-section at the point Xo, where the
cross-sectional area is Ao• The point Xo is chosen in such a way as to satisfy the relation:

Aol = v.
So, introducing dimensionless cross-sectional area:

4J(x) = A(x)/Ao

we get the following normalization condition for the cross-sectional area distribution:

f 4J(x)dx = 1

(18)

(19)

(20)
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Fig. I.

Substituting (17) and (19) into state eqns (4) we have:

v*'= EW*

W*' =tp*

tp*' =M*/q," - E2W*

M*' =- K* - (2fJtp*

K*' = -(Z* +(2M* +(04{Jw* - (40q,W*

Z*' = - ( 040q,v*

657

(21)

where ( = 1/R characterizes the steepness of the arch.
According to the method of solution applied, we reformulate the problem (7)-(19) as

follows: we want to determine such a cross-sectional area function q,(x), under constraints:

f q,(x)dx = I

{J =const

(22)

(23)

(24)

which simultaneously satisfies state eqns (21) plus boundary conditions (5) and maximize a
fundamental frequency of transversal vibrations, i.e.:

0-+ max.

In this case, there is also possibility of another formulation:
{J-+max,

(25)

(26)

under the constraints: (22), (23), given n=const with simultaneous satisfaction of the state
eqns (21) plus boundary conditions (5).

The iterative method sU&aested in Ref. [7] may be used to find/starting from the
formulation (7)-(10)/, max n under {J =const, as well as max {J, under n=const.

Let us consider the Hamiltonlan H for the eqns (21):

(27)
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The optimality condition correlated with (16) leads to the following relation which determines
<!>(x):

[
pM*2 ]111+.

<!>(x)= A+E"0(V*2+ W*2)

where A is the Lagrangian multiplier.
3.2.1 The scheme of iterative procedure for optimal design connected with antisymmetric

vibrations. For numerical convenience we shall investigate two different forms of arch
vibrations: symmetric and antisymmetric (Fig. 2). We are not able to say in advance which of
them gives the first (the lowest) frequency as well as what is their relation in the process of arch
optimization. That is reason why we shall optimize both symmetric and antisymmetric forms
separately.

For clamped-clamped arches one may in a natural way distinguish the boundary conditions
in the middle of an arch (x = 1/2):

-antisymmetric vibrations:

v*(O) =0 w*(O) =0; '1'*(0)=0;

w*(I/2) = 0; M*(1/2)=0; Z*(I/2) = 0;

-symmetric vibrations:

v*(O) =0; w*(O) =0; lp*(O) =0;
v*(1/2) =0; lp*(1/2) = 0; K*(1/2) =O'

(29)

(30)

An iterative process in which we find maximal frequency for antimmetric form contains the
following steps:

(a) for prescribed steepness of the arch E, pressure p, constraints 4>1 and 4>2 we assume at
the beginning 4>(x) -to;

(b) we solve numerically the state eqns (21) with boundary conditions (29), converting
two-point boundary value problem 3x 3 into an initial value problem which is solved by the use
of a shooting-method;

(c) improved cross-section function ~I(X) we get from:

(31)

The constant A should be calculated in accordance with (23). Than we substitute ~I(X) into state
equations from where we get the next value of 0 1(1), and the new, "improved" cross-section
area function J;,.(x).

The repetitions of introducing the improved cross-section area functions ~i(X), obtained
each time from the optimality criteria (28) are going on until 101

(i)
- OIH-1l1 < 8, where 8 is an

arbitrary small constant; i =number of iteration (i =1,2, ....). This process is quickly con
verged (in a few repetitions, sometimes even two, 101(1) - 0 1(1-1) /01(1) is less than 0.01). The same
numerical procedure was successfully used by Grinev[8], but probably in the case of not
selfadjoint systems of equations may not be converged.

Fig. 2.
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As a result of employed procedure we get Olmax corresponding frequency to the optimal
cross-section area function !/Jop!' Additionally, we only compute now the frequency of sym
metric vibrations associated with 4>uPt, solving the stale eqns (21) but this time taking into
account the boundary conditions (30). It is done in order to find if accidentally the optimal arch
with respect to antisymmetric vibrations has not the lower frequency of symmetric vibrations.

In Fig. 3the relation between fJmax and 0 tmax is shown for the different constraints cl>1 subjected
to the control variable 4>(x) at tbe antisymmetric vibrations.

An appropriate optimal cross-section area shape belongs to each point of the· curves. For
fJmax-+O we get maximum of the first (fundamental), natural frequency, while for otmax-+O we
get maximum of the lowest critical load {:Jmax' For clarity we omit (at Fig. 3), curves associated
with symmetric vibrations, which are lying above the antisymmetric ones, for the assumed
constraints 4>1'

3.2.2 The scheme of iterative procedure for optimal design connected with symmetric
vibrations. To determine the optimal solution for symmetric vibrations we employ the same
procedure of successive iterations as in Chapter 3.2.1, but introducing the boundary conditions
(30) instead of (29). Then for the optimal shape we compute additionally the frequency of
antisymmetric vibrations.

3.2.3 Results and discussion of unimodal optimization. As we have mentioned previously it
is necessary to investigate both symmetric and antisymmetric vibrations. The full numerical
procedure of successive iterations consists of the following steps:

(a) the calculation of 4>:'1 in i-iterations and OIS,
(b) next, the calculation of 4>~ in other j-iterations and appropriate 0.".

In Figs. 4 and 5 some chosen results for different values of {:J and steepnesses E are shown. Solid
curves Otm.x correspond to the maximal frequencies of antisymmetric vibrations as a function
of the constraint 4>1' The optimal shape 4>~1 belongs to each point of this lines (which isn't shown
there).

Dashed lines represnent the frequency of symmetric vibrations OIS for optimal shapes 4>:'1'
The same situation happens for the symmetric vibrations.

One might see that for some values of pressure (e.g. Fig. S, fJ =4), the line Otmax(4)I)
represents optimal solution for any value of the constraint !/Jl' In this case the problem of
maximization of the first (fundamental) frequency reduces to a discussion of the antisymmetric
form of vibrations only. It does not however for {:J =18 (Fig. S), where for 4>1 <0.41 the arch of the
optimal shape (maximizing the antisymmetric frequency), has the lower frequency of symmetric
vibrations. Thus, the obtained solution for 4>. <0.41 is not optimal anymore. Nevertheless for some
steepneses, loadings and 4>. the unimodal optimization is sufficient. But for 01-+0, i.e. in the

pmOJ

1000 Il';",o,f

Fig. 3.
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optimal design against buckling only, for 1.047 Et f Et 3.141 the unimodal optimization is not
sufficient. It is ilIustrated in Fig. 6. In all four cases the optimal designed arch against buckling with
respect to the antisymmetric form loses its stability at some value of constraint </J. with accordance
to symmetric deflection line.

4. FORMULATION OF THE BIMODAL OPTIMIZATION PROBLEM

The optimization where both symmetric and antimmetric forms are taken simultaneously
into account we define as bimodal. Let us consider simultaneously symmetric and antisymmetric
vibrations. Their differential equations have the following form:

vi=-kow;

wi= lP;

lPi = MJEI - ko2w; +kovj

Mi = - K; +NolP;

Ki =koZ; +k0
2M; +(No - Pn)lP; - (-Noko+PII - Pnko)Vj

- (Noko2+PI2 +qI2ko)w; - pwlAw;

Zi= _. koMi -(qll- qnko)v; -(qI2- qh)wj - pwlAv; (32)

where j =1,2.
The form of vibrations is defined by appropriate boundary conditions:
-the antisymmetric vibrations (j =I)

V.(O) = 0; Mi.(O) = 0; lP.(O) = 0;
w,(l/2) = 0; ZI(l/2) = 0; M.(I/2) = 0;

(33)

-the symmetric vibrations (i = 2)

V2(0) = 0; W2(0) = 0 lP2(0) = 0;
v2(1/2) = 0; lP2(1/2) = 0; K2(1/2) = O'

(34)

The Hamiltonian for the eqns (32) has the form of:

H = ±("'..vi+ "'Wjw/+ "'~,lP/+ "'M~/+ "'KX/+ "'zZi) + I/Io~
i-I I I "

then the adjoint equations are the same as (12) with the addition of subscript "j" only.
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Introducing again quantities, similarly as in (3) the adjoint equations have the same form as
(14) with the addition of subscript "j" (i =1,2).

The optimality criterion is calculated on the basis of eqn (16).

4.1 Example-the circular arch
The state equations in the bimodal optimization process are the same as in Chapter 3.2.
Now the Hamiltonian is given by:

2

H = f.1 [l/IuTEW ' + l/IWT(/>' + l/I"T(M"t/I" - E
2
W') + l/IMT(- K,-E

2
/3(/>,)

With the use of notation (13), for j =1,2, and making use of the fact that the sets of the state
equations and adjoint equations are seladjoint we obtain the optimal cross-sectional area
distribution t/I if we employ the condition aH/at/J =O. Solving this equation with respect to t/J we
find:

(37)

The formula (37) is identical with (28) if JA. tends to zero. The value of parameter JA. is a measure
of contribution to the unimodal shape of another shape, i.e. we may "mix" both symmetric and
antimmetric forms with different shares. The optimality condition (37) might be written in an
equivalent form as followst:

(38)

This shape has the advantage of covering all possibilities as ji, varies between zero and one.
This formulation is symmetric and the limiting cases were investigated previously (see Figs. 4-6).

Using the optimality criterion (37) we apply the successive iterations method to get such
optimal design variable t/Jopt> that O'ma. = 02ma. while E, /3 and volume are prescribed. First we
investigate the functions vT, wT, MT, and eigenvalue 0, integrating the state equations with
boundary conditions (33) in the same way as it was done in the Chapter 3.2.1. On the contrary
the functions v!, w!, M! and eigenvalue O2 we get integrating state equations with (34).

Next, we choose the parameter JA.. It is also done in an iterative way. Let the parameter JA. be
JA. =JA.' for which the optimal cross-section area distribution ~,(x) has the same value of
frequency for j =I and j =2. In the next step, we solve state equations with boundary
conditions (33) and (34). So, we obtain then: vT(I), wT(I', MT(I), 0,(1), v!(I), w!(I), M!(I), O2(1).
Usually 0,(1) is different from O2(1). Next we calculate such a value of JA. which gives an
improved shape t/J2(1). It should have the same value of symmetric and antimmetric frequencies
(i.e. for j = I and j = 2).

Then again, we integrate state equations with (33) and (34) obtaining O.(i) and 02(i). The
search for JA.i is going on until: .

(39)

where 8. is a small arbitrary constant.
If the relation (39) is obeyed, it means we found such a cross-section area distribution which

has maximal, equal first and second frequencies.
For E =1.047 and J3 =60, 65, 70 as well as for E =2.094 and J3 =18 the relation between 0_.

and t/J, is plotted at Fig. 7. Meanwhile Fig. 8 shows the appropriate optimal cross-section area
distribution.

tThe formula (38) was Slllllcsted by a reviser of Ihis paper.
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For several values of E, Fig. 9 shows the relation between fJ"",x and till if n tends to zero
while at Fig. 10 the optimal cross-section area distribution of an arch for E =3.141 is shown.

S. CONCLUDING REMARKS

It should be noted that the optimal geometrically unconstrained cross-sectional area dis
tribution of the arch against buckling obtained by the use of the unimodal formulation consists
certain points where the optimal cross-section tends to zero. Obviously the unimodal for
mulation is insufficient in this case, whereas for any value of the constraint til., less than the
threshold value, the optimal cross-sectional area distributions must be obtained with the use of
the bimodal formulation. Moreover starting from a certain value of till the geometrical
constraint became inactive.

So, the optimal shapes do not tend to zero anymore. We should finally remark that the
Pontryagin's principle is an appropriate tool for investigation of the conservativeness con
ditions of loads.
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